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The localized optical modes in chiral liquid crystals are theoretically investigated. Since the
cholesteric liquid crystals (CLC) demonstrate common for all chiral liquid crystals optical properties
the studying of the problem is performed for the certainty on the CLCs example. A brief survey of the
recent experimental and theoretical results on the low threshold distributed feedback (DFB) lasing in
chiral liquid crystals as well as new original theoretical data on the localized optical modes in CLC
(edge (EM) and defect (DM)) related to the anomalously strong absorption (amplification) of light at
the frequencies of EM and DM are presented. An analytic approach to the theory of the EM and DM
optics in CLC is developed. The dispersion equations determining connection of the EM and DM
frequencies with the CLC layer parameters and other parameters of the defect structure (DMS) are
obtained. Analytic expressions for the transmission and reflection coefficients of the DMS are
presented and analyzed. As specific cases DMS with an active defect layer are considered, i.e. the
DMS with birefringent, absorbing and amplifying defect layers in a perfect CLC structure.
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Teopemuuecku uccie008anbl NOKANUZ0BAHHBIE ONMUYECKUe MOObl 68 ONmuKe QHOMOHHBIX
HCUOKUX KPUCIANILO8 HA npumepe Xojlecmepuyeckux sxcuoxkux kpucmaniax (X2KK), nockonvky onu
nposAenaiom obujue Ol 8cex XUPAlbHbIX HCUOKUX KPUCMANN08 onmudecKue ceolicmea. Ilpuseden
Kpamxuti 0030p NOCIeOHUX IKCNEPUMEHMANbHBIX U MeOPEemUYecKux pe3yiibnamos no HU3KONopo206ot
aazeproil POC (c pacnpedenennoii 0Opamuoil c6s3v10) ceHepayuul 8 XUpanbHbLX JCUOKUX KPUCMATLILAX,
a makdce HoOBble OpUSUHANbHBIE MeopemuyecKue pe3yibmamol NO JIOKATUZ08AHHLIM ONMUYecKUM
modam ¢ X)KK (kpaesvim (EM) u oepexmuvim (DM) mooam), omuocsuyuecs k a¢pgpekmam anHomanvHo
CunbHO20 no2nowenus (ycunenus) ceema na yacmomax EM u DM. Pazeum ananumuueckuii nooxoo K
onmuke X)KK 6 oonacmu wacmom EM u DM moo. Ionyuenvt oucnepcuonusie ypasnernus ois EM u
DM, ycmanasnusawowue ceazu yacmom EM u DM ¢ napamempamu xonecmepuyeckux cioes u
napamempamu Oepexmuwix cmpykmyp (DMS). Ilpedcmagnensvt u npoananu3upo8aHvl aHaIUMU4ecKue
svipadiceHUst 0 Koaghghuyuenmos nponyckanus u ompagicenus DMS. B kauecmee KOHKpEmHbIX npumMepos
paccmompenvt DMS ¢ akmugnvivu  depexmmuvivu  cnosmu, m.e. DMS ¢ osynyyenpenomnsiowumu,
NO2IOWAOWUMY U YCUTUBAIOWUMU oMU 6 coseputennoti XOKK cmpyxkmype.

Kntoueevie cnoea: xupanvHvle dHcuokue KpUcmaiivl, Kpaegvle MOObl, OedeKkmuvle MOoObl,
Huskonopozosas aasepras POC zenepayus.

1. Introduction

Recently there was a very intense activity in the field of localized optical modes, in
particular, edge (EM) and defect (DM) modes in chiral liquid crystals (CLC) mainly due to
the possibilities to reach a low lasing threshold for the mirrorless distributed feedback (DFB)
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lasing [1-4] in chiral liquid crystals. The EM and DM existing as a localized electromagnetic
eigen state with its frequency close to the forbidden band gap or in the forbidden band gap,
respectively, were investigated initially in the periodic dielectric structures [5]. The
corresponding EM and DM in chiral liquid crystals, and more general in spiral media, are
very similar to the EM and DM in one-dimensional scalar periodic structures. They reveal
abnormal reflection and transmission [1, 2] and allow DFB lasing at a low lasing threshold
[3]. Almost all studies of the EM and DM in chiral and scalar periodic media were performed
by means of a numerical analysis with the exceptions [6, 7], where the known exact analytical
expression for the eigen waves propagating along the helix axis [8, 9] were used for a general
studying of the DM. The used in [6, 7] approach looks as a very fruitful one because it allows
to reach easy understanding of the DM and EM physics and it is why it deserves further
implementation in the studying of the EM and DM at the base of well developed theory of the
CLC optics [10-13]. In the present paper analytical solutions of the EM and DM mode
(associated with an insertion of a layer in the perfect cholesteric structure) are presented and
some limiting cases simplifying the problem are considered. Because the cases of EM and
DM at an isotropic defect structure (DMS) were already studied (see, [14-16]) we shall
present here the results related to a DMS with an active defect layer (birefringent, absorbing
or amplifying).

Recently a lot of new types of defect layer were studied [17-23]. The consideration
below will be limited by a birefringent or absorbing (amplifying) layer inserted in a chiral
liquid crystal. The reason for that is connected as with the experimental [22,24] and
theoretical [23, 25, 26] researches of the DFB lasing in CLC where a defect layer is
birefringent or absorbing (amplifying) so with a general idea that the unusual properties of
DM manifest themselves most clearly just at the middle of DMS, i.e. at defect layer where
intensity of the DM field reaches its maximum. The analytic approach in studying of a DMS
with a birefringent or absorbing (amplifying) defect layer is very similar to the previously
performed DM studies for isotropic defect layer [15, 27], so we shell present below the final
results of the present investigation sending the readers for the investigation details to
references [15, 27 ].

In the following sections the dispersion equation and analytical expressions for
transmission and reflection coefficients for the defect mode associated with an insertion of a
birefringent or absorbing (amplifying) defect layer in the perfect cholesteric structure are
presented for light propagating along the helical axes.

2. Defect mode at birefringent defect layer

Nonabsorbing CLC layers

To consider the DM associated with an insertion of a birefringent layer in the perfect
cholesteric structure we have to solve Maxwell equations and a boundary problem for
electromagnetic wave propagating along the cholesteric helix for the layered structure
depicted at fig.1. Exploiting results obtained in [28] (and using the same simplifications) one
easily gets the results related a birefringent layer. For example, if one neglects the multiple
scattering of light of nondifracting in CLC polarization the transmission |T(d,L) | * and
reflection | R(d,L) | ? intensity coefficients (of light of diffracting circular polarization) for the
whole structure may be presented in the following form:

| T(d,L) | >= | [TTaM(k,d, An)(GeGea* ))/[1— M*(k,d, An)(G:Gea® ) RaRu] | °, (1)
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| R(d.L)| *=| {Re+Rq T.Tu M(k,d, An)| (6c0ea® )| */[1-M (k,d, An)(c:0ea® YRR} |2 (2)

where L is the CLC layer thickness, Re(7:), Ru(Ty) and R4(7y) [16, 30] are the amplitude
reflection (transmission) coefficients of the individual CLC layer (see fig. 1) for the light of
diffracting polarization incident at the outer (top) layer surface, for the light incidence at the
inner top CLC layer surface from the inserted defect layer and for the light incidence at the
inner bottom CLC layer surface from the inserted defect layer, respectively, o, o, and 64 are
the polarization vectors of light exiting the CLC layer inner surface, reflected at the inner
bottom CLC layer surface at the incidence from the inserted defect layer and of light whose
some polarization vector o4 transforms to the polarization vector c. at crossing the
birefringent defect layer of thickness d, respectively, An is the difference of two refractive
indexes in the birefringent defect layer and M(k,d, An) is the phase factor related to light
single propagation in a birefringent defect layer.

|

CLC L

cLe L

|

Fig. 1. Schematic of the DMS with a birefringent defect layer

The expressions for the amplitude transmission 7 and reflection R coefficients for circularly
polarized light (of diffracting circularl polarization) incident at a CLC layer of thickness L are
given by the following formula [14—16]:

R = i8singL/{(qt/x*)cosqL + i[(t/2Kk)* + (q/x)* — 1]sinqL},
T = exp[ixL](qu/x%)/{(qt/*)cosqL + i[(T/2x)* + (q/x)* — 1]singL}, (3)

where q =« {1 + (17/21()2 - [(’C/K)2 +8° ]'/2}, €= (g, +¢€1)/2,8=(g,— €/ et &) is the dielectric
anisotropy, and ¢, and €, are the local principal values of the CLC dielectric tensor [10-12],
K = 0€o/c, ¢ 1s the speed of light, T=4n/p and p is the cholesteric pitch.

The corresponding polarization vectors in (1, 2) may be found (see [11, 12]) as well as
the polarization vector c,¢ may be easily calculated if the d, and An are known. The
calculation of the reflection and transmission coefficients according (1, 2) is performable
analytically in the general case, however, it is rather cumbersome. It is why below will be
studied in details the case of a low birefringence.

Under the mentioned above simplification and the assumption that the refractive
indexes of the DMS external media coincides with the average CLC refractive index and the
average refractive indexes of defect layer the refractive indexes of defect layer may be given
by the formulas

Nmax = No + An/2, Amin = 1o — An/2, (4)
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where ng coincides with the average CLC refractive index and An is small i. e. An/ny< . The
phase difference of two beam component with different eigen polarization at the defect layer
thickness is Ap = Ankd/ny.

Finally, one gets the following expressions for reflection and transmission coefficients
of light with a diffracting polarization for the incident beam with diffracting polarization in
the case of low birefringence:

| 7(d,L) | *= | [T.Tsexplikd]cos(Ag /2))/[1-exp[i2kd]cos’ (A /2)RaR0] | %, (5)
| R(d,L) | *=| {Re+ Rq T.T, exp[i2kd]cos’(Ag /2)/[1- exp[i2kd]cos* (A /2)R4R,]} | > (6)

The calculations results for transmission | T7(d,L) | ? coefficients of light of diffracting
polarization for the case of low birefringence are presented at figs. 2 for various values of the
birefringent phase factor Ae. Figs. 2 show that at low values of phase shift between eigen
waves at their crossing the defect layer (A¢ < m/2) the shape of transmission curve is very
similar to those for DMS with an isotropic defect layer.

. 0. -0.1

Fig. 2. Calculated diffracting polarization intensity transmission coefficient | T(d,L) | * for a low
birefringent defect layer versus the frequencyv (Here and at all other figures v = 8[2(w—wg)/(dwg) —1)],
6 =0,05 and N = 33 is the director half-turn number at the CLC layer thickness L) for a diffracting
incident polarization at the birefringent phase shift at the defect layer thickness

AQ = /20 (a), A¢ = /6 (b), A =m/2 (c), at d/p = 0,25
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However, at approaching A to /2 (see figs. 2) typical for an isotropic defect layer increase
of transmission at the defect mode frequency gradually disappears and at Ap = /2 (fig. 2, ¢)
does not appear at all. It is well known [13] that the position of the DM frequency in the stop
band is determined by the frequency of the transmission (reflection) coefficient maximum
(minimum) so the performed calculation of the transmission spectra (figs. 2) determine a real
component of the DM frequency. However because DM is a quasistationary mode an
imaginary component of the DM frequency is not zero [15, 27]. A direct way to find the
imaginary component of the DM frequency is a solving of the dispersion equation. The
dispersion equation if the multiple scattering of nondifracting polarization light being
neglected is presented by the following relationship:

(M (k,d, An)sin’qL — exp(-itL)[(tq/x*)cosql + i((T/2k)*+(q/x)* = 1)singL]* /6°1}=0.  (7)

Amplifying and absorbing CLC layers

As the experiment [3] and the theory [15, 27] show unusual optical properties of
DMS at the defect mode frequency wp may be effectively used for enhancement of the DFB
lasing. For studying how the birefringent defect layer does influence anomalously strong
amplification and absorption effects we assume, as was done in [15, 27], that the average
dielectric constant of CLC has an imaginary addition, i. e. € = gy(1 +1y) (note, that at real
situations |y |<<1). The value of y ensuring the onset of the lasing threshold may be found from
solution of the dispersion equation (7). Another option (see [15, 27]) is studying of reflection
and transmission coefficients (5, 6) as a function of .

For amplifying CLC the value of y corresponding to the divergence of DMS reflection

and transmission coefficients just determines the solution of the dispersion equation (7) and
also determines the threshold DFB lasing gain in the DMS (see [15, 27]). So, there is an
option to finding the threshold value of y by calculating the DMS reflection and transmission
coefficients at varying of y and finding its value at the points of DMS reflection and
transmission coefficients divergence.
According to the formulated approach figs.3 presenting values of DMS transmission
coefficient close to their divergence points demonstrate growth of the threshold DFB lasing
gain ( | Y | ) with increase of the birefringent phase factor A¢ and even disappearance of the
divergence at defect mode frequency at A = m/2.

For absorbing CLC layers in DMS the anomalously strong absorption effect reveals
itself at the value of ¥ ensuring a maximum of the total absorption in the DMS (see [15, 27]).
For finite thicknesses of CLC layers L the DM frequency wp occurs to be a complex quantity
which may be found by a numerical solution of eq. (7). For a very small values of the
parameter y the reflection and transmission spectra of MDS with absorbing (amplifying)
CLC layers are similar to the studied in [15, 27] spectra (see figs. 2). In particular, positions of
dips in reflection and spikes in transmission inside the stop-band just correspond to Re[wp]
and this observation is very useful for numerical solution of the dispersion equation. What is
concerned of the DM life-time it reduces for absorbing CLC layers compared to the case of
nonabsorbing CLC layers [15, 27]. However, as the above formulas and figures show even for

nonabsorbing CLC layers a reducing of the DM life-time occurs due to a birefringent defect
layer [28].
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Fig. 3. Calculated intensity transmission coefficients at a low birefringent defect layer
for an amplifying CLC layer versus the frequency close to their divergence points
for diffracting incident polarization at

AQ =m/8,7=-0,00150 (a), A@=n/6,y=-0,002355(b),
A = /2,y =-0,004500 (c), A¢=0,y=-0,000675 (d); d/p=2.25

3. Absorbing (amplifying) isotropic defect layer

The studying of the defect mode associated with an insertion of an absorbing
(amplifying) isotropic layer (fig. 1) is performed in the same manner as above (see also [15,
16, 27]). The transmission | 1(d,L) | ? and reflection | R(d,L) | ? intensity coefficients (of light
of diffracting circular polarization) for the whole structure may be presented in the following
form:

| 7(d.L) | *=| [T.Tuexp(ikd(1 + ig))/[1 — exp(2ikd(1 + ig)) RaRu] | %, (8)
| R(d,L) | = {Re+ Ry TeTuexp(2ikd(1 + ig))/[1 — exp(2ikd(1 + ig))RaRu]} | %, 9)

where R.(T.), Ry(T,) and Ry(Ty) are determined above. The factor (1 +1ig) is related to the
defect layer only and corresponds to the dielectric constant of the defect layer having the
form €y(1 + 2ig) with a small g being positive for an absorbing defect layer and negative for
an amplifying one.

The defect mode frequency wp is determined by the following dispersion equation:
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{exp(2ikd(1 + ig))sin’qL — exp(—itL)[(tq/x*)cosqL + i((t/2k)*+ (q/k)*— 1)singL]* /8*]} = 0. (10)

For finite thicknesses of CLC layers L wp occurs to be a complex quantity which may be
found by a numerical solution of (eq. 10). For very small values of the parameter g the
reflection and transmission spectra of MDS with an active defect layer are similar to the
studied in [15, 16, 27] spectra. In particular, positions of dips in reflection and spikes in
transmission inside the stop-band just correspond to Re[wp]. What is concerned of the DM
life-time it reduces for absorbing defect layers compared to the case of nonabsorbing defect
layer [15, 16, 27].

As in the case of investigated DMS with absorbing CLC layers [15, 27] in DMS with
an absorbing defect layer the effect of anomalously strong absorption takes place [29]. The
effect reveals itself at the DM frequency and reaches its maximum (maximum of
1- | 7(d,L) | - | R(d,L) | %) for definite value of g which may be found using the expressions
(8, 9). Figs. 4 demonstrate existence of the anomalously strong absorption effect. As follows
from figs. 4 the maximum values of the anomalous absorption [11,29] are reached for
g=0,04978 and g = 0,0008891 dependent on the correspondent defect layer thickness d.

mode ARSORPTION
4 mode ABSORPTION

& mode ABSORPTION

06
yyyyyy

Fig. 4. Total absorption versus the frequency for an absorbing defect layer and nonabsorbing CLC
layers at g =0,04978 for d/p = 0,1 (a), g= 0,08 (b), g=0,00008891 for d/p = 22,25(c),
g =0,0008891 for d/p = 22,25 (d)

In the case of thick CLC layers (|]g/L>>1) in the DMS the g value ensuring absorption

maximum may be found analytically. For the defect mode frequency wp in the middle of
stop-band the maximal absorption corresponds to

o= (2/3m)(p/d) exp[-2n3(L/p)]. (11)
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As the calculations and the formulas (11) show the gain (g) corresponding to the
maximal absorption is approximately inversely proportional to the defect layer thickness d.
In the case of DMS with amplifying defect layer (g<0) at some value of | g | divergences of
reflection and transmission coefficients occur. The corresponding values of g are the gain
lasing thresholds. Their values may be found numerically using the expressions (8, 9) for
| 1(d,L) | 2 and | R(d,L) | 2 or found approximately by plotting | 1(d,L) | ? and | R(d,L) | 2 at
varying g. The second options is illustrated by figs. 5, 6, 7 where «almost divergent» values of
| 1(d,L) | 2 | R(d,L) | 2 or absorption (1- | 1(d,L) | 2 | R(d,L) | %) are shown. The used values
of g at figs. 5, 6, 7 are close to the threshold ones ensuring divergence of | 1(d,L) | * and
|R(d,L) | *. The calculation results show that the minimal threshold | gl corresponds to
location of wp just in the middle of the stop-band and | g | is almost inversely proportional to
the defect layer thickness. Really, the figs. 5, 6 correspond to location of the defect mode
frequency op close to the middle point of the stop band and demonstrate decrease of the
lasing threshold gain with increase of the defect layer thickness.
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Fig. 5. Total absorption versus the frequency for amplifying defect layer
and nonabsorbing CLC layers at g =— 0,0065957 for d/p = 0,25

~0.04
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a b
Fig. 6. T(d) versus the frequency for amplifying defect layer and nonabsorbing CLC layers
at g=—0,001000 for d/p = 2,25 (a), g =— 0,00008891 for d/p = 22,25 (b)

Figs. 7 correspond to location of the defect mode frequency wp close to the stop band edge
and demonstrates increase of the lasing threshold gain with approaching the defect mode
frequency wp to the stop band edge. The analytic approach for thick CLC layers (|qlL>>1)
results in the similar predictions, namely, for op in the middle of the stop-band the threshold
value of gain is given by (11) with a negative sign of the right hand side of the expression. So,
as the formula (11) shows the thinner defect layer is the higher is threshold gain g. The same
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result, as was mentioned above, relates also to the absorption enhancement (formula (11)).
The thinner defect layer is the higher is g value ensuring maximal absorption.

15000

0.008

Fig. 7. R(d) versus the frequency for amplifying defect layer
and nonabsorbing CLC layers at g =— 0,04978 for d/p = 0,1

4. Conclusion

The performed analytical description of the EM and DM neglecting the polarization
mixing at the boundaries allows one to reveal clear physical pictures of these modes which is
applicable to the DM in general. For example, more low lasing threshold and more strong
absorption at the DM frequency compared to the EM frequencies are the features of any
periodic media. Note, that the experimental studies of the lasing threshold [3] agree with the
corresponding theoretical result obtained above. Moreover, the experiment [3] confirms also
the existence of some interconnection between the gain and other CLC parameters at the
threshold pumping energy for lasing at the DM and EM frequencies. For a special choice of
the parameters in the experiment the obtained formulas may be directly applied to the
experiment. However, in the general case one has take into account a mutual transformation at
the boundaries of the two circular polarizations of opposite sense. In the general case the EM
and DM field leakage from the structure is determined as well by the finite CLC layer
thickness so by the leakage due to the polarization conversion. Only for sufficiently thin CLC
layers or in the case of the DM frequency being very close to the stop band frequency edges
the main contribution to the frequency width of the EM and DM is due to the thickness effect
and the developed above model may be directly applied for the describing of the experimental
data. Note also that DMS with jumps of dielectric constants at interfaces (even for an
isotropic defect layer) effectively may be regarded as a DMS with an active defect layer [30].
An important result relating to the DFB lasing at DMS with active defect layer may be
formulated as the following. The lasing threshold gain in defect layer decreases with the layer
thickness decrease being almost inversely proportional to its thickness. The similar result
relates to the effect of anomalously strong absorption phenomenon where the value of gain in
the defect layer ensuring a maximal absorption is almost inversely proportional to the defect
layer thickness. Note that the obtained above results are qualitatively applicable to the
corresponding localized electromagnetic modes in any periodic media and may be regarded as
a useful guide in the studies of the localized modes with an active defect layer in general.

It should be mentioned also that the localized DM and EM reveal themselves in an
enhancement of some inelastic and nonlinear optical processes in photonic liquid crystals. As
examples the corresponding experimentally observed effects for the enhancement of nonlinear
optical second harmonic generation [31] and lowering of the lasing threshold [32] in photonic
liquid crystals have to be mentioned along with the theoretically predicted enhancement of
Cerenkov radiation (section 4 in [11] and chapter 5 in [12]).
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In the conclusion should be stated that the results obtained here for the EM and DM

(see also [27, 29] and [33, 34]) clarify the physics of these modes and manifests a complete
agreement with the corresponding results of the previous investigations obtained by a
numerical approach [13].
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